Abstract. A major obstacle in the numerical simulation of general relativistic space-times is the fact that coordinates have to be specified in order to obtain a well-defined numerical evolution. While the choice of coordinates has no impact on the geometry it does influence the evolution in ways which are rather difficult to predict. For this reason it might be useful to devise numerical procedures which are manifestly coordinate invariant. In this paper we present an alternative way to obtain discrete versions of the Einstein equations. We formulate the Einstein equations as an exterior system in terms of differential forms. Such a formulation can be used to interpret the variables and equations in a discrete setting as discrete differential forms. We describe the basic equations and discuss the accuracy of the discrete equations.
Introduction
One of the main features of General Relativity is its general covariance. Coordinates do not play a role. They are merely local labels for space-time events. However, the usual numerical approaches to General Relativity are based on the initial boundary value formulation for a set of partial differential equations. These equations have been obtained from the Einstein equations by a 3 + 1 decomposition which means that the 4-dimensional space-time is broken into space and time by the introduction of a global time coordinate. Similarly, it is required to introduce three spatial coordinates in order to write down explicitly the PDEs. This introduction of coordinates does not break the coordinate invariance of the theory because the arbitrariness in the choice of coordinates is reflected in the choice of the arbitrary lapse and shift functions. But the problem is that the choice of coordinates influences the behaviour of the numerical simulation in ways which we are just beginning to understand. It has a large impact on the character of the boundary conditions which have to be imposed at the boundaries of the computational domain, see [1, 2] for illuminating discussions of this phenomenon. Furthermore, it can be shown [3] that the choice of coordinates severely determines the stability properties of the constraint surface under the flow given by the evolution equations. For these reasons it might be useful to have a formulation of the Einstein equations in which coordinates are not mentioned at all. A discretisation of such a formulation could provide valuable information about the behaviour of the discretised geometry which is not polluted by coordinate effects.
An entirely coordinate-free formulation of GR is Regge calculus [4] . While this formulation has been applied in connection with Quantum Gravity it does not seem to have spread far into the numerical relativity community (see however [5, 6, 7] )
In this paper we want to draw attention to another possible formulation of GR which is also manifestly coordinate free. It is based on Cartan's method of moving frames (see e.g., Thirring [8] ), i.e., on the use of exterior differential forms. The importance of differential forms stems from the fact that they are the natural integrands which appear in integrals over various sub-domains of space-time. Their usefulness is most appreciated in electrodynamics. The Maxwell equations are naturally formulated in an integral form which has a clear physical meaning, being concerned with quantities like the time change of fluxes through surfaces or the conservation of charge in certain volumes. The integrands in this formulation give rise to differential forms and hence -as it is well known -the Maxwell equations can be written in an entirely coordinate-free way using only these forms.
The fact that these equations come from integral balance laws implies an immediate way for discretisation. One subdivides the space-time into small sub-regions and applies these laws approximately on each sub-region individually to obtain an approximate solution. Then one combines the approximate local solutions to one global solution. Thus, this approach of discretisation is similar to the Finite Element Method (FEM). See for example [9, 10] for an excellent account of the numerics of Maxwell's equations using this approach.
The major difference between GR and the Maxwell case lies in the fact that in the latter one is dealing only with scalar valued differential forms whereas in GR the forms have values in some representation space of the Lorentz group. This introduces another kind of gauge freedom, namely the choice of a basis, which has to be taken into account. This complicates matters to a certain extent. The hope is that this kind of gauge freedom can be better controlled than the coordinate gauge freedom because it has a more geometrical foundation. In any case, having different discrete formulations for the same geometrical situation should be helpful in deciding which features are geometrical and hence physical and which features are only due to the choice of a gauge.
The plan of the paper is as follows. In sect. 2 we describe briefly the exterior calculus of forms and introduce the notion of discrete forms. In sect. 3 we present a formulation of General Relativity as an exterior differential system, i.e, we express the (vacuum) Einstein equations as a integrable system of equations between differential forms. We want to interpret these equations as equations between discrete differential forms in order to develop a computational algorithm which would allow us to generate an approximate space-time satisfying the Einstein equations approximately. In order to get some information about the errors which are committed when doing so we need to analyse the equations in a normal neighbourhood. This is done in sect. 4. In sect. 5 we describe the outline of a possible computational implementation of the formalism and derive some results about the quality of the approximation.
Discrete differential forms
We start this section with a brief review of the general properties of differential forms. More information can be found in [11, 12, 13, 14] . A differential p-form ω on a manifold M is a (smooth) section of the bundle Λ p (M) of totally skew (0, p)-tensorfields on M. This means that at every point P ∈ M the value ω P = ω(P ) is a map T P M × · · · × T P M → R which is totally skew in its p arguments.
Differential p-forms are the natural integrands over p-dimensional submanifolds of M, i.e., a differential p-form ω induces a map which assigns to each p-dimensional This mapping can be extended linearly to so called p-chains, i.e., formal sums of pmanifolds with real coefficients
In fact, a differential p-form can be defined as a linear map from p-chains into the reals [12] . Differential forms have certain properties with respect to multiplication and differentiation. It is well known that the set of differential forms on a manifold is a Grassmann algebra, i.e., that there exists an exterior ('wedge') product ∧ such that for any p-form α and q-form β we have
By convention the set of sections of the bundle Λ 0 (M) which are smooth 0-forms is identified with C ∞ (M), the set of scalar fields on M and the product between a 0-form (i.e., a scalar field) and a p-form is simply pointwise scalar multiplication.
The next important structure is the exterior differential d, which maps a pform ω to a p + 1-form dω. This form can be computed in a well-defined explicit way when ω is given in terms of a coordinate basis [13] . The exterior differential is a (anti)-derivation of the Grassmann algebra Λ(M), i.e. we have the product rule
Another important property of d is its nilpotence
for all differential forms ω. In fact, one can show [15] that (2) and (3) together uniquely characterise the exterior differential. The Stokes theorem relates the integral of the differential of a p-form to the integral of the p-form over the boundary of the integration domain
In terms of the mapping alluded to above the Stokes theorem can be written as
This characterisation of differential forms brings us to the definition of discrete differential forms. The notion of discrete differential forms goes back to Whitney [16] . We refer to [17, 18] and [10] for a more detailed account. We imagine the manifold M to be approximated by a triangulation. Intuitively, this is a subdivision of M into small regions which have the structure of 4-dimensional simplices. Technically speaking, a triangulation is (the image of) a homeomorphism with support on a simplicial complex [12] .
Recall that an n-simplex ∆ is the (non-degenerate) convex hull of n+1 points P 0 , P 1 ,. . . ,P n in n-dimensional affine space. Any n-simplex is affinely equivalent to the standard simplex consisting of the origin P 0 and the end-points P i of the n standard basis vectors e i in n-dimensional euclidean space. We denote the simplex ∆ by [P 0 P 1 . . . P n ]. Note, that ∆ inherits an orientation from the underlying vector space which is expressed in the sequence in which the points are listed. Thus, we have [
The boundary of the n-simplex ∆ consists of the formal sum of its (oriented) n−1-dimensional 'faces' given by
Here, the hat indicates omission of the point in question. The boundary operator ∂ is extended to simplicial chains by linearity. With this definition it is easy to see that the boundary of the boundary of a simplex vanishes identically. Now we are in a position to introduce discrete p-forms on a simplicial complex. In view of the map (1) it is natural to define a discrete p-form as a linear map, which assigns a number to each p-simplex in the complex. Hence, a discrete p-form is determined by only a finite number of degrees of freedom (as many as there are p-simplices) in contrast to continuous differential forms which have infinitely many degrees of freedom. Thus, in particular, a 0-form is a map assigning numbers to each 0-simplex i.e., to each node, while a discrete 1-form assigns a number to each edge in the complex. We write
to denote the value of the 1-form on the edge (1-simplex)
The discrete equivalent of the exterior differential can be defined in a straightforward way once we read the Stokes theorem (4) in the appropriate way. We define the exterior differential dω of a discrete p-form ω on a simplicial complex as the map which assigns to each p + 1-simplex ∆ the value that ω takes on the boundary of ∂∆. Thus, we have
Again, it is easy to see that this definition entails automatically that d 2 = 0 also for discrete forms.
As an example we consider the 2-dimensional case, see Fig. 1 . For a 1-form ω Figure 2 . A 3-simplex has 4 nodes, 6 edges, 3 faces and one cell.
we obtain the formula
For a 2-form and a 3-simplex (see Fig. 2 ) we have the formula
Let us now consider the Grassmann product. The general formula for its discrete version is complicated to write down. Therefore, we will content ourselves here with special cases. The wedge-product of two 1-forms α and β should be a 2-form, so we need to assign a number to a 2-simplex using the values of the two 1-forms on the edges of the 2-simplex. The formula should be skew when α and β are interchanged and it should not single out any one edge. Under these conditions there remains only the choice of an overall factor. Fixing this to 1/6 we get the formula
In a similar way, we define the wedge-product between a 2-form τ and a 1-form ω as
+ τ 310 ω 02 + τ 103 ω 32 + τ 031 ω 12 + τ 012 ω 23 + τ 201 ω 13 + τ 120 ω 03 ) .
We note that these formulae bear a very close resemblance to the 'cup'-product of algebraic topology [12] . With these two expressions for the wedge-product and the formula for the exterior differential it is straightforward but lengthy to verify that the derivation property
is also true for two discrete 1-forms α and β. Differential p-forms induce discrete differential p-forms on a triangulation as follows. We assume that the triangulation of the manifold M is embedded in M. Given a p-form ω on M we can assign a number to any given p-simplex ∆ in the triangulation by integrating ω over ∆.
As an example consider a 3-simplex ∆ = [P 0 P 1 P 2 P 3 ] in space-time spanned by four nodes P 0 , P 1 , P 2 , P 3 . Then the discrete form induced by a 3-form 
General Relativity with differential forms
In this section we briefly review the formulation of General Relativity using differential forms. This has a long tradition going back toÉ. Cartan. In its present form it has been used extensively by G. Sparling [19] . The most appropriate setup for formulating the relevant geometric structures is the bundle of orthonormal frames on which these forms are defined globally. For an exposition of this formulation with applications we refer to [20, 21] . For our purposes here it is enough to regard the following expressions as being valid locally. Following Cartan, we introduce as the fundamental quantity a tetrad, i.e., a collection of four (local) 1-forms θ i , defined on the four-dimensional manifold M. These forms take the place of the metric g, which appears as a derived quantity.
The quantities η ik are constants which form a symmetric 4 × 4-matrix whose signature is Lorentzian, i.e. (+, −, −, −). A simple choice is
which results in the definition of the metric as
In this way the metric is fixed by the tetrad. Clearly, there are many tetrads which yield the same metric, there is gauge freedom. Two tetrads θ i andθ i
give the same metric if they are related by a Lorentz transformation
To have a full geometric setting we also need a connection on M. In Cartan's approach the connection is given in terms of a collection of 1-forms ω i k statisfying the following conditions:
(1) metric compatibility:
vanishing torsion:
These two conditions fix the forms ω i k uniquely. Eq. (12) is called Cartan's first structure equation.
The curvature 2-forms Ω i k are given by Cartan's second structure equation
which determines the curvature 2-forms Ω i k from the connection 1-forms. Expressing these 2-forms in the basis of the tetrad 1-forms yields
where the expansion coefficients constitute the Riemann tensor of the metric defined by the tetrad θ i . Given a tetrad the two structure equations completely determine the geometry of the space-time.
In order to get to the Einstein equations we need to impose conditions onto the Ricci part of the curvature. How to achieve this within Cartan's formalism has been discovered over and over again during the years. The essential part of the procedure is to extract the Einstein tensor from the curvature forms. This is achieved as follows. We introduce the totally skew symbol ijkl with 0123 = 1. Then we define the four 2-forms
where ω jk = ω j l η lk . In order to simplify the notation we will suppress from here on the wedge '∧', which is to be thought of as the default multiplication between forms unless otherwise indicated.
Applying the exterior differential to these 2-forms yields
The splitting of dL i is unique by the requirement that E i contains only the curvature. Then S i is quadratic in the connection forms. The crucial property of these forms is that E i are tensorial forms (see [15] for a definition) while L i and S i are not. Roughly speaking, this means that under a change of the tetrad these form pick up additional terms. This property is another manifestation of the fact that the connection coefficients of a connection are not the components of a tensor. The resulting identity
is valid on any four-dimensional Lorentzian manifold. The 3-forms S i and E i have become known as the Sparling form and the Einstein form. The Einstein form is 1
In order to have a closer look at this expression we define the hypersurface forms
and insert them into E i . Thus, we obtain for the Einstein form the expression
Thus, the Einstein form contains exactly the Einstein tensor. An interpretation of this 3-form as the moment of rotation can be found in [22] . In view of this result the vacuum equations for GR may be written as
In vacuum the Sparling form is exact and therefore it is closed: dS i = 0. The converse has been shown to be true by Sparling [19] : dS i = 0 implies (locally) that S i is exact and, hence, that M is a vacuum space-time.
In the general case, the Einstein equation is G ab = −8πT ab and this can be expressed in terms of forms as (15) dL i = S i + 16πT i n Σ n .
The 3-form T i = T i n Σ n is the energy-momentum 3-form. Clearly, in order to get a completely determined system one needs to include equations for the matter. However, we will concentrate here on the vacuum case.
The above identity and the resulting formulation of the Einstein equation is a noteworthy but also a neglected result within GR. Its true meaning is still lacking. It may roughly be interpreted by considering the energy-momentum 3-form T i . This looks like the density of energy-momentum of the matter. When integrated over a 3-volume it seems to yield the covector of energy-momentum contained inside this volume. In view of this, one should interpret the 3-form S i as the density of the gravitational energy-momentum. Indeed, it is a quadratic expression in the gravitational 'field strength' given by the connection coefficients. In fact, this has been the route which led Einstein to introduce the gravitational energy-momentum pseudo-tensor [23] . Consequently, one finds that the Sparling 3-forms are closely related to the energy-momentum pseudo-tensor in its various manifestations. In fact, depending on whether one chooses the bundle of orthonormal frames (as we have done here) or the bundle of linear frames one can set up a correspondence between the energy-momentum pseudo-tensor expressions by Moeller, Einstein or Landau-Lifschitz [20, 24] .
However, this interpretation has to be taken with a grain of salt. What is integrated here are components with respect to a previously chosen tetrad. The tetrad provides the necessary identification of the tangent spaces at different points without which it would not be possible to combine the energy-momenta at different points in space-time. This implies that the expression depends on the choice of a tetrad. It is only in those cases where there exists a natural choice of tetrad that the identity has a true physical interpretation. An example of particular importance is the case of asymptotically flat space-times. It can be shown that in this case one can always find particular adapted tetrads on a 3-dimensional space-like hypersurface which yields a form of the identity which can be used to prove the positivity of the ADM-mass. Another particularly instructive use of the identity is in the case when null-infinity is considered. Then the identity reduces to the Bondi mass-loss formula [25] . For much more information on this identity and its relationship to the question of quasi-local mass definitions in GR see [24] .
Finally, we need to discuss the junction conditions between two regions V ± separated by a 3-dimensional hypersurface Σ which we assume to be either timelike or space-like. These conditions have been formulated in a geometric setting by Israel [26] and we need to translate them into our formalism. We assume that within the two regions V ± we have made a choice of a tetrad and we now ask for the relationship between the tetrads across the common boundary Σ between V + and V − . Since we are not interested in modeling shell-like sources for the gravitational field which are supported on Σ we assume the Ricci tensor to be continuous across the boundary. For such conditions, Israel shows that the metric and its first derivatives are continuous across Σ and we only need to formulate these properties in terms of the forms.
So we assume that (some part of) Σ lies in the intersection of two neighbourhoods of M on which two choices of tetrad have been made Σ ⊂ U ∩Û with a tetrad θ a being defined on U andθ a defined onÛ. On the intersection and hence on Σ these tetrads are related by a gauge transformation, i.e., a Lorentz transformation at every point (note, that for Lorentz transformations (s
Then, as a consequence, the metrics induced on Σ by either of the two tetrad fields agree. Requiring the continuity of the first derivatives of the metric across Σ is a condition on the extrinsic curvatures of Σ when viewed from either side. In [26] it is shown that for regular hypersurfaces, the extrinsic curvatures have to agree. This result can be obtained in the present formulation by considering an arbitrary closed 2-dimensional submanifold S of Σ and constructing the -cylinder C above S by following normal geodesics starting at points of S for a distance in both normal directions. Then for small enough the cylinder C is a smooth 3-dimensional submanifold of M which intersects Σ in S and is contained in one tetrad patch. Now we integrate the field equation (15) over C and obtain
The boundary ∂C of the 'tin' with its natural orientation is given by
It consists of the 'bottom' and the 'top' of the tin as well as its wall. Thus, we get the equation
which holds for all small enough values of . Since we assume that the energymomentum tensor has no δ-function contribution and since the connection forms are continuous across Σ, the right hand side of the equation vanishes in the limit → 0, while for the left hand side we obtain
the jump in the integral of L i over S when evaluated in the limit from either side. Thus, regularity of Σ requires that any integral of L i over a 2-dimensional surface is continuous across Σ. Since this holds for any S we find that the pull-back of L i from either side to Σ comes out the same. Choosing a frame for which θ 0 vanishes when restricted to Σ it is easy to see that this condition is in fact equivalent to the continuity of the extrinsic curvatures. Furthermore, one finds that the pull-back of L 0 vanishes identically. This implies that at every point of Σ there are only three relevant equations to be satisfied. Now let us consider this condition when we do not assume that the tetrad is the same on either side of Σ. Then we have θ i , ω The crucial point is that the Nester-Witten forms are not tensorial (see [15] ), their components do not transform like a tensor under the change of frame. Instead, we find the transformation law
Note, that the term (s l i ds lj ) is automatically skew in its upper indices. In fact, this is a 1-form with values in the Lie algebra of the Lorentz group.
This transformation property implies that the integral form of the junction condition across Σ is
for all 2-dimensional submanifolds of Σ. Here, the two sides of the equation are understood as limits from the two different sides of Σ where the different frames are used. The orientation of S is taken to be the same. This condition has to be read as a condition on the gauge transformation. Recall that one of the four equations per point of Σ is identically satisfied. This leaves us with three equations for the six functions s i k . This is reasonable because we cannot expect to determine the orientation of the intrinsic triad on Σ which leaves three rotational degrees of freedom undetermined.
The equations in a normal neighbourhood
In order to see in more detail how the formalism works let us look at the equations using normal coordinates. Normal coordinates are obtained from the exponential map. One chooses a point O ∈ M and a frame e 0 , e 1 , e 2 , e 3 at O. Then every tangent vector X at O can be written as
With each X we can define a point P in a neighbourhood of O as follows. Given X we construct the geodesic γ which starts at O in the direction of X, i.e., γ(0) = O, γ(0) = X. Then P is defined as the point at parameter value 1
In a small neighbourhood N ⊂ M around O this defines a unique correspondence, the so called exponential map between tangent vectors near 0 ∈ T O M and points near O in N . Hence we may use the components of X as coordinates for P
These coordinates are unique up to changes of the frame at O, i.e., Lorentz transformations at O. We start with the following result. In normal coordinates the metric is given by (see [27] )
Here, the term O(x 3 ) denotes terms which are at least cubic in the coordinates x i . Thus, normal coordinates have the property that the metric at O coincides with the Minkowski metric and that, at O, the Christoffel symbols vanish. The deviation of the metric from the curved metric is entirely due to the Riemann tensor. Note, however, that R ilkm are the values of the components of the Riemann tensor at the point O with respect to the frame at O, hence they are constant. The higher order terms in the metric can be computed from the world function [27] . However, for our immediate purposes the indicated accuracy is enough. 1-form basis. Let us determine a covector basis θ k . Thus, we seek θ k so that
We make an ansatz
and insert it into (20) . We obtain
Hence, in lowest order, we have 
This implies that β l mp x p is an infinitesimal Lorentz transformation for all x p . Next, in order O(x 2 ) we have
This equation determines the part of β lmpq which is symmetric in lm but leaves the skew part unspecified. So, finally, we have the representation
where now the β's are arbitrary tensors at O, skew in their first two indices. Note, that the three terms
are the first three terms in the small x expansion of
for an infinitesimal Lorentz transformation β(x). Hence, the exponential of β is a Lorentz transformation. Such transformations cannot be determined from this calculation since we are trying to find a tetrad from a metric. Hence we must consider the coefficients β 
Connection forms. We compute the exterior derivative of the 1-forms. Since the 1-forms are given up to order O(x 3 ) this computation makes sense only up to the order O(x 2 ) so we get
Some algebra leads to the final formula
The corresponding connection forms ω i k can now be computed also up to order O(x 2 ). So we need to solve the equation
up to that order. It is easy to see that the solution is given by
Curvature 2-forms. Again, it only makes sense to compute these 2-forms up to order O(x) because the connection forms are given only up to the second order in x. Hence, the quadratic term in the definition of the curvature forms can be ignored because they are already O(x 2 ). In that order we can also identify θ k and dx k . This leads to
Nester-Witten 2-forms. We compute these 2-forms using the expressions for θ i and ω i k and obtain (26)
Thus, the exterior derivative of the Nester-Witten 2-forms is given by (27) 
Sparling 3-forms. They are computed also using the expressions for the tetrad and the connection forms. Since the latter are of order O(x) it turns out that the Sparling 3-forms are of order O(x 2 ), so that to the lowest order which we are computing here they do not contribute to the equation dL i + S i = 0:
To be more precise, in the lowest order the Sparling forms contribute only gauge terms which vanish in the present calculation because we have put them explicitly to zero. In other words, in a normal neighbourhood we may always choose the tetrad in such a way that the Sparling forms vanish up to second order terms. We call such a tetrad a normal tetrad. Normal tetrads are unique up to constant Lorentz transformations.
Discretization and error analysis
The idea behind the computational procedure which we plan to implement is based on the mathematical concept of the bundle of (pseudo)-orthogonal frames [15] . This is a principal fiber bundle over the space-time manifold whose fibers are diffeomorphic to the Lorentz group G = SO (1, 3) . It is constructed by covering the base manifold with open sets U i . On each patch a choice of a tetrad has been made. In the overlap regions U ik = U i ∩ U k where two frames have been specified a transition function ψ ik = ψ −1 ki : U ik → G determines how one transforms from one frame to the other.
In the discrete setting we imagine the manifold being replaced by an appropriate triangulation consisting of many simplices. We may think of each 4-simplex as being contained in its own open set on which we introduce normal coordinates based on a point O (see Fig. 3 ). On this patch we choose a normal tetrad i.e., a tetrad with respect to which the Sparling forms are O(x 2 ). Then, on each patch we formulate the discrete versions of the first structure equation which expresses the vanishing of the torsion and the identity (28) . These yields discrete equations on the 2-and 3-simplices of the 4-simplex in question which we regard as equations for the discrete 1-forms induced by the tetrad forms and the connection forms. These are expressed with respect to the chosen normal tetrad which changes from 4-simplex to 4-simplex. Hence another set of equations consists of the discrete gauge transformation linking one patch to another across a common 3-simplex which are considered as equations for the gauge transformations.
Let us now see how to obtain discretised equations from the continuous exterior system. First, we define the discrete equivalents of the tetrad and the connection 1-forms by
where P α , P β are any two vertices. We can compute these integrals approximately using the formulae derived above. So we fix an origin O and introduce normal coordinates based at O. We assume that the vertices P α and P β lie inside the (convex) normal neighbourhood so that they have coordinates u 
Then we obtain for the discrete form
Note, that here the Riemann tensor is evaluated at the origin O. A similar consideration leads to the evaluation of
Discrete torsion condition. We can now put these discrete forms into the first Cartan equations, interpreted as discrete equations. We assume them to be evaluated on a 2-simplex with vertices P 0 , P 1 and P 2 . Then we obtain (using the obvious
This formula shows that the discrete equation is (obviously) not identically satisfied, even if the continous equations are. However, it shows, that the error is given up to terms of order O(u 4 ) in the 'size' of the simplex. This means that when we replace u α → ρu α in the formula above then as ρ → 0 the simplex shrinks towards the origin and the error term decreases as ρ 4 . To summarize the situation so far: given a 2-simplex on which we impose the discrete equation for the vanishing torsion we find upon inserting a solution of the continuous equation that the error term is of the order O(u 4 ), where u is the linear extension of the 3-simplex obtained by joining the nodes of the 2-simplex to the chosen origin. Shrinking the size of this 3-simplex also shrinks the size of the given 2-simplex. The analysis above implies convergence of second order (after dividing by the area of the 2-simplex). Discrete Sparling identity. We can now do the same thing for the 3-form equations. Given a 3-simplex such as the one in Fig. 2 we define the discrete forms
We can compute these values approximately using the expressions obtained earlier.
We obtain for the discrete Nester-Witten forms
There are two noteworthy points. First, we find that in the integrand only the totally antisymmetric part contributes. This is easy to see because clearly the integrand is skew in q and l because of the wedge product between the forms and it is also skew in p and q because it is contracted with the Riemann tensor. We need to show that a tensor T abc which is skew in two pairs of indices is also skew in the third pair. So lets assume
[ab]c then we have
so that T abc changes sign under transposition of any pair of its indices so it is totally antisymmetric.
The second remark concerns the replacement of the tetrad forms θ i by the differentials dx i which is legitimate for the lowest order term. The corrections are of higher order and would show up in the quadratic term which we cannot determine due to the limited accuracy. So we need to compute
We parameterise the simplex [αβγ] in the usual way, writing
so that the value of the discrete L i is given by
This result will be used to study the discrete Sparling equations. The continuous equation dL i + S i = 0 when interpreted as an equation between discrete forms on the 3-simplex [0123] yields the following discrete equation
Inserting the expression for the discrete L i we have
The expression in brackets can be written as X m mpql for some X m (see below for an interpretation) so that we obtain
Thus, in a vacuum space-time, the discrete identity (28) is statisfied up to order O(u 4 ).
Conclusion
We have presented a coordinate free framework for the computational determination of general relativistic space-times. It is based on the notion of discrete differential forms which are used successfully in the simulation of electromagnetic phenomena with finite elements. We have shown the basic exterior equations and we have demonstrated a possible way to implement them in a discrete manner. The procedure is very similar to a finite element approach in the sense that a global solution is patched together by small (topologically trivial) and simple individual parts. However, the main difference to the finite element approach is the presence of gauge freedom in the choice of the tetrad field. This complicates matters enormously because the junction conditions between elements will in general not be simply continuity or differentiability conditions of functions across the interfaces. Instead, in the presented approach we have to deal with such conditions up to gauge and use them to find the gauge transformations across the interface.
A different approach is to assume that in the computational domain one can choose a global tetrad. Then the gauge freedom is eliminated. However, the tradeoff is the higher complexity of the equations which have to be solved on the individual simplices. Other procedures inbetween these two extremes are possible. In order to explore the various possibilities we have implemented this framework in simple situations like spherically symmetric space-times and plane-wave space-times. This will be described in further papers [28, 29] .
One could also imagine a 'hybrid' approach in which one uses a 3 + 1 decomposition of the space-time and the equations. Then time would be left continuous and the discrete forms could be used to discretise in space only. Thus, one would arrive at a semi-discrete system.
Several issues remain somewhat unclear. We have not discussed the variational principle from which the exterior system can be derived. It can be used to provide a weak formulation of the problem. Such a formulation is usually the starting point for finite element implementations. It would be interesting to see whether the variational principle can be used for that same purpose also in the present case. A study could yield different points of view in particular on the treatment of the gauge.
We have focussed here on one particular way to formulate a discrete geometry based on a straightforward notion of a what discrete differential forms should mean. There are other possibilities. It would be interesting to see whether the notion of discrete connections in principal fiber bundles introduced by Leok [30] can be used to formulate a different discrete version of the Einstein equations. Yet another approach towards discrete structures is taken in a series of papers [31] by Müller-Hoissen and Dimakis who introduce a so called discrete differential calculus in a purely algebraic way. Even though quite abstract, this approach seems to be a good candidate for formulating the Einstein equations and hence we are pursuing this approach in parallel to the present one.
As a final comment it should me noted that also the Regge calculus is a way to formulate a discrete geometry which is very much geared towards the Einstein equations. It is not quite obvious why this formulation is not pursued any further in the computational context.
